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We present the ﬁrst calculations of a symmetry conserving conﬁguration mixing method (SCCM) using 
time-reversal symmetry breaking Hartree–Fock–Bogoliubov (HFB) states with the Gogny D1S interaction. 
The method includes particle number and tridimensional angular momentum symmetry restorations as 
well as conﬁguration mixing within the generator coordinate method (GCM) framework. The nucleus 





states are computed for the magnesium isotopic chain, where a noticeable compression of the spectrum 
is obtained by including cranked states, leading to a very good agreement with the known experimental 
data.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.A trustworthy description of the spectra of the atomic nuclei 
is one of the main goals of low-energy nuclear structure the-
ory. The interacting shell model [1,2] is likely the most widely 
used and successful tool to compute accurately low-lying spectro-
scopic properties. However, shell model applications are limited to 
regions not far away from shell closures where manageable va-
lence spaces can be deﬁned. On the other hand, microscopic self-
consistent mean ﬁeld methods (SCMF) [3] based on nuclear energy 
density functionals such as Skyrme, Gogny and/or Relativistic Mean 
Field (RMF) can be in principle used throughout the whole nu-
clear chart. In order to apply these methods to the study of nuclear 
spectra, they have to be extended by including beyond-mean-ﬁeld 
(BMF) correlations. In particular, symmetry conserving conﬁgura-
tion mixing methods (SCCM) are the most natural extensions of 
SCMF approaches and have shown a fair performance in describing 
qualitatively not only nuclear spectra, but also ground state prop-
erties, electromagnetic transitions and decays. Unfortunately, quan-
titative accurate predictions have not been reached so far, mainly 
due to the lack of time-reversal symmetry breaking intrinsic states 
within the existing implementations of the SCCM methods. In this 
letter we present an extension of the SCCM framework, based on 
the generator coordinate method (GCM) with particle number and 
triaxial angular momentum projections, that includes cranking in-
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SCOAP3.trinsic states. In the numerical applications we use the ﬁnite range 
density dependent Gogny interaction (D1S parametrization [4]). 
In the earliest implementations of the SCCM method only axially 
symmetric intrinsic states were considered [5–9]. A major break-
through towards a better description of the nuclear spectra within 
the SCCM framework was the inclusion of the triaxial degree of 
freedom [10–12]. A further step forward was the ﬁrst implementa-
tion of an SCCM method based on a Skyrme pseudo-potential for 
odd nuclei by B. Bally who obtained very promising results in de-
scribing the benchmark nucleus 25Mg [13].
On the other hand, the angular momentum projection with 
the energy density functionals mentioned above is performed after 
the energy variation. Therefore, the consideration of only intrinsic 
wave functions with zero angular momentum content (< J x >=
< J y >=< J z >= 0) in the current SCCM calculations tends to fa-
vor the ground states with respect to other excited states and a 
stretching in the spectra is usually found with respect to the exper-
imental values. The addition of time-reversal symmetry breaking 
intrinsic states (< J x >= 0) obtained by the cranking procedure 
will thus increase the variational space for excited states and will 
provide a better description of the spectrum. Pioneering angular 
momentum projection of cranking states has been reported with 
schematic pairing plus quadrupole interactions [14–16] and with 
Skyrme energy density functionals [17,18]. However, neither con-
ﬁguration – shape – mixing nor, in the case of Skyme interactions, 
pairing correlations, were taken into account. The aim of this letter 
is to present the ﬁrst results of the extension of the SCCM method  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
342 M. Borrajo et al. / Physics Letters B 746 (2015) 341–346described in detail in Ref. [11] (and references therein), including 
now time-reversal-symmetry breaking intrinsic states introduced 
through cranking calculations.
The starting point is the construction of a set of intrinsic many-
body states having different deformations and intrinsic angular 
momentum. Such states, |β2, γ , J c〉 ≡ |〉, have the structure of 
Hartree–Fock–Bogoliubov (HFB) states [19] and are found by mini-
mizing the particle number projected HFB energy,1 i.e.:
E ′Jc (β2, γ ) =
〈Hˆ P N P Z 〉
〈P N P Z 〉 − ω Jc 〈 Jˆ x〉 − λq20〈Qˆ 20〉 − λq22〈Qˆ 22〉 (1)
where P N(Z) is the neutron (proton) number projection oper-
ator [19]. This is the so-called variation after particle number 
projection method (PN-VAP) [21]. The ﬁrst term in the r.h.s. of 
Eq. (1) is the particle number projected energy and the last 
terms correspond to the constraints on the cranking angular mo-
mentum J c and on the quadrupole deformation of the system 
(β2, γ ). The Lagrange multipliers ω Jc , λq20 and λq22 ensure the 
conditions:
〈 Jˆ x〉 =
√
Jc( Jc + 1); 〈Qˆ 20〉 = q20; 〈Qˆ 22〉 = q22 (2)
where Jˆ x is the x-component of the angular momentum op-
erator and Qˆ 2μ with μ = −2, −1, .., 2 is the μ component of 
the quadrupole operator. The deformation parameters mentioned 
above are deﬁned as:
q20 = β2 cosγ
C










being A the mass number and r0 = 1.2 fm. In the present work 
we have imposed the parity conservation as a self-consistent 
symmetry of the intrinsic states: Pˆ|〉 = |〉, being Pˆ the par-
ity operator. Therefore, neither negative parity states nor odd-
multipole deformation – such as the octupole – degrees of free-
dom are explored here. Furthermore, these states are invariant 
under the so-called simplex-x, Sˆx|〉 ≡ Pˆe−iπ Jˆ x |〉 = |〉, and the 
T-simplex-y, SˆTy |〉 ≡ Pˆe−iπ Jˆ y Tˆ |〉 = |〉 symmetries, being Tˆ the 
time-reversal operator. The last condition is chosen to have real 
coeﬃcients in the HFB transformation, and the simplex-x sym-
metry is very suitable to perform cranking calculations (Eq. (1)). 
The set of operators {Pˆ, Sˆx, SˆTy } are the three generators of a 
subgroup of the more general point group DT2h [22,23]. The lat-
ter has an additional generator, e.g., the time-reversal operator. 
Although the use of self-consistent symmetries constrains the in-
clusion of correlations within the mean-ﬁeld approach through 
the spontaneous symmetry-breaking mechanism, they are im-
posed to reduce the computational burden. In the present case, 
we will also exploit these self-consistent symmetries to test the 
performance of the method since they provide non-trivial checks 
that help to identify possible inconsistencies. For instance, the 
choice of the collective coordinates (β2, γ ) divides the possi-
ble quadrupole deformations in six sextants, depending on the 
range of the angle γ [19]. As a result, the values of γ equal 
to 0◦(60◦), 120◦(180◦) and 240◦(300◦) correspond to prolate 
(oblate) axial deformation and they are related by the differ-
ent orientations of the principal axes of inertia with respect to 
the z-axis [19]. If J c = 0, the intrinsic wave functions do not 
1 For the sake of simplicity, we will write down throughout the text any en-
ergy kernel as an expectation value of a hamiltonian operator. However, Gogny 
interactions contain a density-dependent term which prevents such a notation rig-
orously [20]. Nevertheless, this term is handled separately in a similar fashion as in 
Refs. [6,11], and the following notation can be still used.break the time-reversal symmetry and the energy is independent 
on the orientation of the axes, being all of the sextants com-
pletely equivalent. However, if J c = 0, the energy will depend 
on the orientation of the principal axes of inertia with respect 
to the intrinsic rotation axis, in our case, the x-axis (see Eq. (1)). 
Therefore, the intrinsic states are only invariant under the sub-
group of the DT2h point group mentioned above and the sextants 
are now symmetric only with respect to the γ = (120◦, 300◦)
direction.
We check this symmetry by performing PN-VAP calculations 
in the (β2, 0◦ ≤ γ ≤ 360◦) plane for three values of the cranking 
angular momentum J c = 0 (time-reversal symmetry conserving), 
2 and 4, selecting the nucleus 32Mg as an example. In Fig. 1(a)–(c) 
we show such potential energy surfaces (PES) – ﬁrst term in 
the r.h.s. of Eq. (1). Here, the intrinsic states were expanded in 
nine major spherical harmonic oscillator shells and the number of 
points included in the mesh of each PES is 502. We notice ﬁrst 
the equivalence between all of the sextants in the case where the 
time-reversal symmetry is preserved ( J c = 0, Fig. 1(a)). Such a re-
dundancy is reduced to the half of the plane separated by the 
γ = (120◦, 300◦) axis for J c = 2 and 4 (Figs. 1(b)–(c)) as expected. 
We ﬁnd the absolute minimum of the J c = 0 PES in the spherical 
point as it is presumed from the neutron magic number N = 20. 
The energy grows more rapidly along the oblate directions than in 
the prolate ones. Additionally, a second minimum – around 1 MeV 
higher – is obtained at axial prolate conﬁgurations with β2 = 0.45. 
For larger values than β2 ≈ 0.7 the energy increases quickly also 
along the prolate lines. For J c = 2, 4 the PES resemble the J c = 0
one except for the values along γ = 120◦ , where the energy is 
not as favored as in γ = 0◦ and γ = 240◦ . The minima of these 
surfaces appear at such prolate conﬁgurations with β2 = 0.45, as 
in the J c = 0 case but shifted to higher energy values, around 
≈ 2 MeV and ≈ 3 MeV for J c = 2 and 4 respectively.
The intrinsic many-body states, |〉, break also the rotational in-
variance of the hamiltonian and these quantum numbers can be 
restored by projecting onto good number of particles (N, Z ) and 
angular momentum ( J , M):
| JM;NZ;σ ;β2, γ , Jc〉 =
∑
K
g JσK (β2,γ , Jc)| JMK ;NZ;β2, γ , Jc〉
(4)
where K = − J , − J +1, . . . , J is the component of the angular mo-
mentum in the body-ﬁxed z-axis and the states given in the r.h.s. 
are deﬁned as:
| JMK ;NZ;β2, γ , Jc〉 = P JMK P N P Z |β2, γ , Jc〉 (5)
being P JMK the angular momentum projection operator [19]. Ad-
ditionally, the coeﬃcients g JσK (β2,γ , Jc) and the projected energies 
E Jσβ2,γ , Jc are found variationally by solving the so-called Hill–
Wheeler–Griﬃn (HWG) equations in the K -subspace [19]:∑
K ′
(
H J ;NZK K ′(β2,γ , Jc) − E
Jσ
β2,γ , Jc
N J ;NZK K ′(β2,γ , Jc)
)
g JσK (β2,γ , Jc) = 0 (6)
where σ = 1, 2, . . . labels the possible solutions of such general-
ized eigenvalue problems and:
N J ;NZK K ′(β2,γ , Jc) = 〈 JMK ;NZ;β2, γ , Jc| JMK ′;NZ;β2, γ , Jc〉 (7)
H J ;NZK K ′(β2,γ , Jc) = 〈 JMK ;NZ;β2, γ , Jc|Hˆ| JMK ′;NZ;β2, γ , Jc〉
(8)
are the norm and hamiltonian overlaps. From the above deﬁni-
tions, we can obtain some useful properties of the state P N P Z |〉
M. Borrajo et al. / Physics Letters B 746 (2015) 341–346 343Fig. 1. (Color online.) (a)–(c) PN-VAP and (d)–(f) particle number and angular momentum projected potential energy surfaces for different values of the cranking angular 
momentum Jc for the nucleus 32Mg. Gogny D1S interaction is used here. The contour plots are separated in energy by 1.0 MeV. Each PES is normalized to the energy of 
their corresponding minima, i.e., (a) −249.902 MeV, (b) −247.910 MeV, (c) −246.789 MeV, (d) −252.924 MeV, (e) −252.021 MeV and (f) −250.463 MeV. The black bullets 
in (a)–(c) are the states included in the GCM calculation while the yellow squares in (c) are the states analyzed in detail in Figs. 2–3.such as [19,16]: a) the probability distribution, W JK (β2, γ , J c), 
of ﬁnding an eigenstate of the angular momentum | J K 〉; b) 
the total probability distribution, W J (β2, γ , J c), of ﬁnding a 
value of the angular momentum J ; and c) the projected energy 
E JK (β2, γ , J c).
W JK (β2, γ , Jc) =
N J ;NZK K (β2,γ , Jc)
〈β2, γ , Jc|P N P Z |β2, γ , Jc〉 (9)
W J (β2, γ , Jc) =
∑
W JK (β2, γ , Jc) (10)
KE JK (β2, γ , Jc) =
H J ;NZK K (β2,γ , Jc)
N J ;NZK K (β2,γ , Jc)
(11)
The decomposition W JK and the energy E
J
K are quantities that 
depend on the orientation of the principal axes of inertia with re-
spect to the (x, y, z)-axes. Nevertheless, the following properties 
are deduced from the self-consistent symmetries imposed to the 
intrinsic states: W JK = W J−K , E JK = E J−K , and, if J is odd, the K = 0
component is forbidden. The dependence on K is removed once 
the K -mixing is performed since the norm W J and the energy 
E Jσ are scalar quantities [19,10,11]. In addition, if J c = 0 the β2,γ , Jc
344 M. Borrajo et al. / Physics Letters B 746 (2015) 341–346Fig. 2. (Color online.) Probability distributions of projections K – W JK (β2, γ , Jc) – 
for even (left panel) and odd (right panel) values of the angular momentum J
for the intrinsic states: (a)–(b) (β2, γ , Jc) = (0.5, 10◦, 4) and (c)–(d) (β2, γ , Jc) =
(0.5, 230◦, 4). Distribution of probabilities of (e) even values and (f) odd values of 
the angular momentum J – W J (β2, γ , Jc) – for the same intrinsic HFB-type wave 
functions.
Fig. 3. (Color online.) Particle number and angular momentum projected energy 
overlaps E JK (β2, γ , Jc) as a function of K for the intrinsic wave functions (a) 
(β2, γ , Jc) = (0.5, 10◦, 4) (ﬁlled symbols) and (b) (β2, γ , Jc) = (0.5, 230◦, 4) (empty 
symbols). The last column corresponds to the lowest energies for a given J after K−
mixing E Jσβ2,γ , Jc (Eq. (6)) for the same intrinsic states as in (a) and (b).
same probability distribution W J and the same angular momen-
tum projected energy are found in the six sextants of the (β2, γ )
plane. However, if the cranking term is non-zero, the (β2, γ ) plane is split in two equivalent parts divided by the (γ = 120◦, 300◦)
line.
We now exploit these symmetries to perform consistency tests 
of the results and check the implementation of the method. There-
fore, we select ﬁrst two intrinsic states, |β2 = 0.5, γ = 10◦, J c = 4〉
and |β2 = 0.5, γ = 230◦, J c = 4〉 that are symmetric with respect 
to the (γ = 120◦, 300◦) line (see yellow squares in Fig. 1(c)). We 
represent the decomposition of those states in components of the 
angular momentum J and intrinsic z-projection K in Fig. 2(a)–(d), 
normalized to the total probability in a given J . Here we observe 
that the decomposition in K is different depending on the value 
of γ . For γ = 10◦ the probability decreases in general rapidly 
with increasing K for a ﬁxed value of J . Furthermore, the rel-
ative weight of the components with large K tends to increase 
with larger angular momentum J , while the K = 0 component 
for even J and K = 1, 2 components for odd J slightly decrease. 
These results are consistent with having the intrinsic long inertia 
axis nearly along the z-axis. On the other hand, the probability for 
a given J is distributed in a larger number of K components for 
γ = 230◦ and these components are much ﬂatter than in the pre-
vious case when the angular momentum J is increased. In this 
case, the intrinsic long inertia axis is almost oriented perpendic-
ular to the z-axis. Nevertheless, the decomposition in J of both 
states, summing all of the K components, are identical. We ob-
serve two separate distributions for even J (Fig. 2(e)) and odd J
(Fig. 2(f)), being the absolute scale larger for the former. The even 
(odd) distribution probability increases from J = 0 (1) until the 
maximum at J = 4 (5) is reached. Then, W J decreases, obtaining 
practically zero probability for even (odd) angular momenta larger 
than 16 (13). In Fig. 3 we represent the E JK (β2, γ , J c) energies de-
ﬁned above. We see as in the previous case noticeable differences 
depending on the γ values. For γ = 10◦ the energies rise rather 
quickly for large values of K while for γ = 230◦ the energies are 
ﬂatter. These differences are completely removed when K -mixing 
is performed through solving the HWG equations (Eq. (6)) as it 
is shown in Fig. 3(c). There, three bands can be distinguished, 
namely, a ground state rotational band with  J = 2 built on top 
of J = 0+1 , and two  J = 1 bands, being J = 2+1 and J = 1+1 the 
corresponding band-heads.
We can test even further the performance of the angular mo-
mentum projection by projecting the whole (β2, γ ) plane as it 
is plotted in Fig. 1(d)–(f). For the J c = 0 case, the equivalence 
between the six sextants is preserved when angular momentum 
projection is performed. However, the angular momentum pro-
jected PES attained by restoring the rotational symmetry of the 
J c = 0 states are symmetric only around the axis (γ = 120◦, 300◦)
(Fig. 1(e)–(f)). In Fig. 1(d)–(f) only the PES for ( J = J c, σ = 1) are 
shown although the same equivalence is obtained for other val-
ues of ( J , σ). Apart from the symmetries discussed above, the 
angular momentum projection modiﬁes signiﬁcantly the surfaces 
obtained at the PN-VAP approach. In general, the minima found in 
the PES at the PN-VAP level are now wider and a slightly larger 
deformation is obtained whenever the angular momentum is re-
stored. As a matter of fact, these beyond mean-ﬁeld correlations 
move the ground state from the spherical point to prolate conﬁg-
urations with β2 ≈ 0.5 (Fig. 1(d)), that was formerly a secondary 
minimum in the PN-VAP calculation (Fig. 1(a)). This effect was al-
ready obtained with axial calculations [6] and is a self-consistent 
way to obtain the deformed ground state for the nucleus 32Mg, 
i.e., as belonging to the ‘island of inversion’ with an erosion of the 
N = 20 magic number.
The last step in the present SCCM many-body method is the 
conﬁguration mixing:
M. Borrajo et al. / Physics Letters B 746 (2015) 341–346 345Fig. 4. (Color online.) (a) Excitation energies of the yrast states calculated for the 
nucleus 32Mg with the GCM method with 17 axial states and Jc = 0 (S1), 49 
axial+triaxial states and Jc = 0 (S2), 81 axial+triaxial states and Jc = 0, 2 and 113 
axial+triaxial states and Jc = 0, 2, 4. (b) Excitation energies for the three lowest 
states for each J -value, calculated with the GCM method with 113 axial+triaxial 
states and Jc = 0, 2, 4 (full symbols), large scale shell model calculations (open cir-
cles) and experimental data (asterisks).
| JM;NZ;σ 〉 =
∑
β2,γ ,K , Jc
f Jσβ2,γ ,K , Jc | JMK ;NZ;β2, γ , Jc〉 (12)
Again, the coeﬃcients f Jσβ2,γ ,K , Jc in Eq. (12), and the ﬁnal spec-




H J ;NZ{α};{α′} − E JσN J ;NZ{α};{α′}
)
f Jσ{α′} = 0 (13)
where {α} ≡ {β2, γ , K , J c} now encodes all the constraints and K
in a single index. H and N are the energy and norm overlaps 
respectively:
N J ;NZ{α};{α′} = 〈 JMK ;NZ;β2, γ , Jc| JMK ′;NZ;β ′2, γ ′, J ′c〉 (14)
H J ;NZ{α};{α′} = 〈 JMK ;NZ;β2, γ , Jc|Hˆ| JMK ′;NZ;β ′2, γ ′, J ′c〉 (15)
To shed light on the impact of including time-reversal symmetry 
breaking states in the spectrum, the nucleus 32Mg has been com-
puted with the GCM method using four sets of intrinsic wave func-
tions. All of them are computed with nine major oscillator shells 
(No.s. = 9) in the working basis.2 The simplest one (S1) is made 
of the 17 axial and time-reversal symmetric states. Such states are 
marked in Fig. 1(a) with dots along the (γ = 0◦, 180◦) axis. Then, 
the S2 set is deﬁned by adding 32 more time-reversal conserv-
ing states ( J c = 0) in the (β2, γ ) plane (the remaining dots in the 
same ﬁgure). Finally, two more batches of states, S3 and S4, are 
established by adding 32 time-reversal symmetry breaking states 
with J c = 2, and 32 more with J c = 4 (see the dots in Fig. 1). 
Therefore, S1 ⊂ S2 ⊂ S3 ⊂ S4, being the total number of states in 
the largest set equal to 113.
The ground state bands calculated with the GCM method im-
plemented with the different sets described above are shown in 
Fig. 4(a). Firstly, the ground state energies obtained for the dif-
2 We have checked the convergence of the energy spectra by performing axial 
calculations including up to thirteen major oscillator shells. We have obtained prac-
tically the same results as the No.s. = 13 ones already with No.s. = 7, thus showing 
a good convergence of the results with respect to the size of the working basis.ferent calculations are pretty close except for the pure axial case, 
namely:
E(0+1 ) = −253.056,−253.477,−253.486,−253.498 MeV
for S1, S2, S3 and S4 respectively. That shows that the ground state 
energy is converged with respect to adding time-reversal symme-
try breaking components. However, the excited states are more 
affected by the inclusion of triaxial and cranking states. Hence, we 
ﬁrst observe a moderate compression of the spectrum from the 
axial (K = 0) to triaxial calculations with J c = 0. The decrease in 
energy is larger with increasing the angular momentum, mainly 
due to the possibility of having more K -mixing in the GCM states. 
However, the variational space for the excited states are much bet-
ter explored if time-reversal symmetry breaking is allowed. There-
fore, a signiﬁcant compression of the spectrum is obtained for the 
S3 and S4 sets and the differences, once again, are bigger for larger 
angular momentum. In addition, we can infer that the excitation 
energies for the 2+1 and 4
+
1 states are already converged with the 
S3 calculation since they do not vary signiﬁcantly from including 
J c = 4 states to the J c = 0, 2 ones. This is not the case for larger 
values of the angular momentum, where probably intrinsic states 
with J c = 6, 8, . . . should be also included in the GCM. For the 
sake of completeness, the full spectrum computed with the S4 set 
is represented in Fig. 4(b). Here, the ﬁrst two bands display a rota-
tional character, with a parabolic trend in the excitation energies, 
0+ band-heads and  J = 2 spacing. A third band starting at 2+3
with  J = 1 is also obtained, showing a slight odd-even J stagger-
ing. In addition, large scale shell model (LSSM) results [24,25] and 
experimental data [26–30] are also represented in Fig. 4(b). Thanks 
to the compression of the spectrum produced by the addition of 
cranking states, a remarkable agreement between the experimen-
tal and theoretical values for the 2+1 and 4
+
1 energies is obtained. 
In addition, the present SCCM calculations predict very similar ex-
citation energies to the LSSM values for the g.s. band. However, 
the low excitation energy of the 0+2 state [30] is not reproduced 
here. LSSM calculations have shown that this state is very sen-
sitive to a subtle mixing of spherical 0p–0h and superdeformed 
4p–4h conﬁgurations [25]. In the present framework, the inclusion 
of pairing ﬂuctuations [9] and/or explicit quasiparticle excitations 
could help to solve this problem since the excited 0+ states are 
mainly affected by such a degree of freedom, lowering the excita-
tion energies of those states.
Finally, we explore systematically the effect of the inclusion of 
time-reversal symmetry breaking states in the magnesium isotopic 
chain 24–34Mg. The results are obtained with Ns.o. = 7 – the mini-
mum that guarantees a good convergence with respect to the size 
of the basis in this isotopic chain – and the sets of wave func-
tions deﬁned above S1, S2, S3, i.e., axial and triaxial shapes with 
J c = 0 and 2 are included. In Fig. 5 we plot the excitation ener-
gies for the 2+1 and 4
+
1 calculated with these different approaches 
compared to the experimental values. We see that the axial cal-
culations describe the trends of the experimental data but the 
energies are largely overestimated. Including the triaxial degree of 
freedom without breaking the time-reversal symmetry reduces the 
excitation energies but the predicted values are still too high with 
respect to the experiments. Finally, adding J c = 2 states to the 
GCM set of wave functions compresses further the spectrum and 
an outstanding agreement with the experimental values is found. 
The only nucleus where the theoretical values tend to be lower 
than the experimental ones is the nucleus 24Mg. Since this is an
N = Z nucleus, some alpha clustering and/or proton–neutron pair-
ing correlations could be missing within the present framework 
which assumes a structure of the intrinsic states given by a direct 
product of protons and neutrons wave functions. However, mixing 
346 M. Borrajo et al. / Physics Letters B 746 (2015) 341–346Fig. 5. (Color online.) 2+1 and 4
+
1 excitation energies for the Mg isotopic chain cal-
culated with the GCM method including axial states (red squares), axial+triaxial 
with Jc = 0 states (blue diamonds) and axial+triaxial with Jc = 0, 2 states (magenta 
open dots). Experimental values (black dots) are taken from Ref. [31] and references 
therein.
protons and neutrons to take into account such proton–neutron 
pairing correlations is beyond the scope of the present study.
In any case, we have to underline that these results consti-
tute the ﬁrst explicit evidence of the compression of the spec-
trum when time-reversal symmetry breaking is taken into account 
in GCM calculations with particle number and angular momen-
tum projection. Global calculations performed with these methods 
assuming axial symmetry have displayed a systematic overesti-
mation of the 2+1 excitation energies around a factor ∼ 1.2–1.4
with respect to the experimental values, both for Skyrme [32] and 
Gogny [33] functionals. The present results show that such a dis-
agreement could be corrected by including triaxial and J c = 0
states in the GCM framework. In fact, the incorporation of J c in 
the GCM ansatz (Eq. (12)) is a generalization of the double pro-
jection method of Peierls and Thouless [34,35]. The double projec-
tion method is known to provide the exact translational mass in 
the case of translations by taking as coordinates the position and 
the linear velocities in a generator coordinate method. We expect, 
therefore, that the moment of inertia of our theory will be similar 
to the one provided by the angular momentum projection before 
variation approach, instead of the Yoccoz moment of inertia given 
by the angular momentum projection after variation method used 
in earlier approaches. This expectation is conﬁrmed by our results 
that provide moments of inertia very close to the experimental 
ones.
In summary, we have presented the ﬁrst GCM calculations with 
particle number and angular momentum projection of HFB-like 
states considering different quadrupole deformations (axial and tri-
axial) and intrinsic cranking angular momentum. The performance 
of the method has been checked by taking advantage of the self-
consistent symmetries imposed to the intrinsic many-body states. 
Since such wave functions were chosen to be eigenstates of a 
DT2h sub-group generated by the parity, simplex-x and T-simplex-
y symmetry operators ({Pˆ, Sˆx, SˆTy }), the potential energy surfaces 
(particle number and particle number plus angular momentum 
projected) must be symmetric in the (β2, γ ) plane with respect 
to the (γ = 120◦, 300◦) axis. We have checked such a non-trivial property both in individual states and in the whole (β2, γ ) plane, 
taking the nucleus 32Mg as an example. The effect of including in-
crementally intrinsic states with more symmetries broken in the 
GCM framework has been also analyzed in 32Mg and in the mag-
nesium isotopic chain 24–34Mg. The results have shown that adding 
( J c = 0) time-reversal symmetry breaking states squeezes notably 
the spectra due to a better description of the excited states from a 
variational point of view. Such a compression puts the theoretical 
values on top of the experimental ones for the lowest 2+ and 4+
states in the chain. The next step will be the calculation of electro-
magnetic properties within the present SCCM approach and some 
work is in progress along these lines.
Acknowledgements
We acknowledge the support from GSI-Darmstadt and CSC-
Loewe-Frankfurt computing facilities. T.R.R. thanks A. Poves and 
F. Nowacki for fruitful discussions and for providing us with 
the shell model results of 32Mg. This work was supported by 
the Ministerio de Economía y Competitividad under contracts 
FPA2011-29854-C04-04, BES-2012-059405 and Programa Ramón y 
Cajal 2012 number 11420.
References
[1] E. Caurier, G. Martínez-Pinedo, F. Nowacki, A. Poves, A.P. Zuker, Rev. Mod. Phys. 
77 (2005) 427.
[2] T. Otsuka, M. Honma, T. Mizusaki, N. Shimizu, Y. Utsuno, Prog. Part. Nucl. Phys. 
47 (2001) 319.
[3] M. Bender, P.-H. Heenen, P.-G. Reinhard, Rev. Mod. Phys. 75 (2003) 121.
[4] J.F. Berger, M. Girod, D. Gogny, Nucl. Phys. A 428 (1984) 23.
[5] A. Valor, P.-H. Heenen, P. Bonche, Nucl. Phys. A 671 (2000) 145.
[6] R. Rodríguez-Guzmán, J.L. Egido, L.M. Robledo, Nucl. Phys. A 709 (2002) 201.
[7] T.R. Rodríguez, J.L. Egido, Phys. Rev. Lett. 99 (2007) 062501.
[8] T. Niksic, D. Vretenar, P. Ring, Phys. Rev. C 74 (2006) 064309.
[9] N.L. Vaquero, T.R. Rodríguez, J.L. Egido, Phys. Lett. B 704 (2011) 520.
[10] M. Bender, P.-H. Heenen, Phys. Rev. C 78 (2008) 024309.
[11] T.R. Rodríguez, J.L. Egido, Phys. Rev. C 81 (2010) 064323.
[12] J.M. Yao, J. Meng, P. Ring, D. Vretenar, Phys. Rev. C 81 (2010) 044311.
[13] B. Bally, B. Avez, M. Bender, P.-H. Heenen, Phys. Rev. Lett. 113 (2014) 162501.
[14] K. Hara, A. Hayashi, P. Ring, Nucl. Phys. A 385 (1982) 14.
[15] E. Wüst, A. Ansari, U. Mosel, Nucl. Phys. A 435 (1985) 477.
[16] K. Enami, K. Tanabe, N. Yoshinaga, Phys. Rev. C 59 (1999) 135.
[17] D. Baye, P.-H. Heenen, Phys. Rev. C 29 (1984) 1056.
[18] H. Zdun´czuk, W. Satuła, J. Dobaczewski, M. Kosmulski, Phys. Rev. C 76 (2007) 
044304.
[19] P. Ring, P. Schuck, The Nuclear Many Body Problem, Springer-Verlag, Berlin, 
1980.
[20] D. Lacroix, T. Duguet, M. Bender, Phys. Rev. C 79 (2009) 044318.
[21] M. Anguiano, J.L. Egido, L.M. Robledo, Nucl. Phys. A 696 (2001) 467.
[22] J. Dobaczewski, J. Dudek, S.G. Rohozin´ski, T.R. Werner, Phys. Rev. C 62 (2000) 
014310.
[23] S. Frauendorf, Rev. Mod. Phys. 73 (2001) 463.
[24] E. Caurier, F. Nowacki, A. Poves, Nucl. Phys. A 693 (2001) 374.
[25] E. Caurier, F. Nowacki, A. Poves, Phys. Rev. C 90 (2014) 014302.
[26] D. Guillemaud, et al., Nucl. Phys. A 246 (1984) 37.
[27] T. Motobayashi, et al., Phys. Lett. B 346 (1995) 9.
[28] F. Azaiez, et al., AIP Conf. Proc. 495 (1999) 171.
[29] S. Takeuchi, et al., Phys. Rev. C 79 (2009) 054319.
[30] K. Wimmer, et al., Phys. Rev. Lett. 105 (2010) 252501.
[31] Brookhaven database, http://www.nndc.bnl.gov.
[32] B. Sabbey, M. Bender, G.F. Bertsch, P.-H. Heenen, Phys. Rev. C 75 (2007) 044305.
[33] T.R. Rodríguez, A. Arzhanov, G. Martínez-Pinedo, Phys. Rev. C 91 (2015) 044315.
[34] R.E. Peierls, D.T. Thouless, Nucl. Phys. 38 (1962) 154.
[35] J.L. Egido, Phys. Rev. C 27 (1983) 453(R).
